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Abstract
Recently, we found the supersymmetric counterpart of the spectral triple. When we restrict the
representation space to the fermionic functions of matter fields, the counterpart which we name ”the
triple” reduces to the original spectral triple which defines noncommutative geometry. We see that
the fluctuation to the supersymmetric Dirac operator induced by algebra in the triple generates vector
supermultiplet which mediates gauge interaction. Following the supersymmetric version of spectral
action principle, we calculate the heat kernel expansion of the square of fluctuated Dirac operator
and obtain the correct supersymmetric Yang-Mills action with U(N) gauge symmetry.
1 INTRODUCTION
The standard model of high energy physics coupled to gravity was derived on the basis of noncommu-
tative geometry(NCG) by Connes and his co-workers[1, 2, 3]. Their result was that if the space-time was
a product of a continuous Riemann manifold M and a finite space F of KO-dimension 6, gauge theories
of the standard model were uniquely derived[4].
The framework of a NCG is specified by a set called spectral triple[5]. Let it be denoted by
(H0,A0,D0). Here, A0 is a noncommutative complex algebra, acting on the Hilbert space H0, whose
elements correspond to spinorial wave functions of physical matter fields, while the Dirac operator D0 is
a self adjoint operator with compact resolvent. The operator plays the role of the inverse of infinitesimal
unit of length ds of ordinary geometry and satisfies the condition that [D0, a] is bounded ∀a ∈ A0. Z/2
grading γ and the real structure J were taken into account to determine the KO dimension. These
axioms are given in the Euclidean signature[6].
The automorphisms of the algebra A0 are separated into equivalence classes under its normal sub-
group. In the same way, the space of metrics, i.e. Dirac operators has a foliation of equivalence classes
and the internal fluctuation of a metric is given as follows:
D˜0 = D0 +A+ JAJ−1, A =
∑
ai[D, bi], ai, bi ∈ A. (1.1)
For the Dirac operator in the manifold D0M = iγµ∇µ ⊗ 1, the fluctuation A + JAJ−1 gives the gauge
vector field, while for the Dirac operator in the finite space,D0F , it gives the Higgs field[6, 7].
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The action of the NCG model is obtained by the spectral action principle and expressed by
〈ψD˜0ψ〉+Tr(f(P )), (1.2)
where ψ is a fermionic field which is an element in H0, f(x) is an auxiliary smooth function on a compact
Riemannian manifold without boundary of dimension 4. The second term of the action (1.2) represents
the bosonic part obtained by the principle, which asserts that it depends only on the spectrum of the
squared Dirac operator P = D˜20 [8]. It includes not only non-abelian gauge theory but also theory of Higgs
field and Einstein’s general relativity.
In our last paper[9], we extended the spectral triple defined on the flat Riemannian manifold to a
counterpart in the supersymmetric theory which may overcome various shortcomings of the standard
model[10], for example, hierarchy problem, many free parameters to be determined by experiments,
lacking of unification of running gauge coupling constants of renormalization group. We referred to
the supersymmetric counterpart as symply ”the triple” and the triple on the manifold was denoted
by (AM ,HM ,DM ). Faithfully obeying the original idea that the Hilbert space of the spectral triple
constituted of wave functions of matter fields while gauge fields and Higgs fields were derived from
fluctuations of the Dirac operator, a component of the functional space HM in our counterpart was made
up by spinor and scalar functions of C∞(M) which constructed a chiral or an antichiral supermultiplet
and represented wave functions of a matter field and its superpartners. A Z/2 grading of the space
HM was given by the chirality of the supersymmetry transformation. So, the functional space in the
manifold, HM , was a direct sum of H+ of chiral supermultiplets and H− of antichiral supermultiplets.
The algebra AM was also separated to two subsets A+ and A− each of which was represented on H+
and H−, respectively. On the other hand, the representation of the Dirac operator DM was defined on
the whole HM . While the ingredients of NCG was constructed in the Euclidean signature, the above
construction was performed in the Minkowskian signature in order to incorporate supersymmetry. We
note that the triple did not define a new NCG. However, projecting HM to the fermionic part H0M and
changing the signature from Minkowskian to the Euclidean one by the Wick rotation, we found that it
reduced to the theory constructed on the original spectral triple.
In addition to the discussion of the triple defined on the manifold, we should also intorduce the
counterpart in the finite space denoted by (AF ,HF ,DF ) in order to incorporate gauge quantum numbers
of matter particles and their superpartners and to obtain mass terms of them.
In this paper, we will calculate the spectral action using the introduced Dirac operators following
the supersymetric version of spectral action principle. In section 2, we review the construction of the
supersymmetric counterpart extended from the original spectral triple on the manifold. We also introduce
the counterpart on the finite space so that the triple defined on M ⊗ F will be given. In section 3, we
calculate the internal fluctuation of the Dirac operator which induces the vector supemultiplet with U(N)
internal degrees of freedom. We can define an adequate supersymmetric invariant product of elements in
HM and obtain bilinear form similar to the first term in (1.2). It represents the action for the chiral and
antichiral supermultiplets of matter fields and their superpartners. We will calculate the square of the
fluctuated Dirac operator and Seelay-DeWitt coefficients of heat kernel expansion so that we will arrive
at the correct action of the supersymmetric Yang-Mills theory.
2 SUPERSYMMETRICALLY EXTENDED TRIPLE
The supersymmetric counterpart of the spactral triple on the flat Riemannian manifold M has been
introduced in our last paper. In this chapter, let us review it and at the same time introduce the
counterpart on the finite space F so that the triple (A,H,D) extended from the spectral triple defined
on M ⊗ F can be discussed. The functional space H is the product denoted by
H = HM ⊗HF . (2.1)
The functional space on the the Minkowskian space-time manifold is the direct sum of two subsets, H+
and H−:
HM = H+ ⊕H− (2.2)
The element of HM is given by
Ψ =
(
Ψ+
Ψ−
)
= Φ+ +Φ−, (2.3)
Φ+ =
(
Ψ+
03
)
∈ H+, Φ− =
(
03
Ψ−
)
∈ H−. (2.4)
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Here, Ψ+, Ψ− are denoted by
(Ψ+)i = (ϕ+(x), ψ+α(x), F+(x))
T , i = 1, 2, 3, (2.5)
and
(Ψ−)¯i = (ϕ−(x), ψ
α˙
−(x), F−(x))
T , i¯ = 1, 2, 3, (2.6)
in the vector notation. Here, ϕ+ and F+ of Ψ+ are complex scalar functions with mass dimension 1 and
2,respectively, and ψα,α = 1, 2 are the Weyl spinors on the space-time M which have mass dimension
3
2
and transform as the (12 , 0) represenation of the Lorentz group, SL(2, C). Ψ(x) obey the following chiral
supersymmetry transformation and form a chiral supermultiplet.

δξϕ+ =
√
2ξαψ+α,
δξψ+α = i
√
2σµαα˙ξ¯
α˙∂µϕ+ +
√
2ξαF+,
δξF+ = i
√
2ξ¯α˙σ¯
µα˙α∂µψ+α
. (2.7)
On the other hand, ψα˙ transform as the (0, 12 ) of SL(2, C) and Ψ−(x) form a antichiral supermultiplet
which obey the antichiral supersymmetry transformation as follows:

δξϕ− =
√
2ξ¯α˙ψ
α˙
−,
δξψ
α˙
− = i
√
2σ¯µα˙αξα∂µϕ− +
√
2ξ¯α˙F−,
δξF− = i
√
2ξασµαα˙∂µψ
α˙
−.
(2.8)
A Z/2 grading of the functional space HM is given by an operator γM in HM which is defined by
γM =
(−i 0
0 i
)
, (2.9)
on the basis such that γM (Ψ+) = −i and γM (Ψ−) = i.
Let us discuss the space HF . HF is the space with the basis of the labels qaL and qaR, which correspond
to some matter particles and their superpartners, such as quarks, squarks and auxiliary fields. Here a is
the index, a = 1, . . .N , in order to introduce internal degrees of freedom. L and R denote the eigenstates
of the Z/2 grading γF , which is defined by
γF =
(−1 0
0 1
)
, (2.10)
in the basis of HF given by
Qa =
(
qaL
qaR
)
∈ HF , (2.11)
In this basis, we have γF (q
a
L) = −1, and γF (qaR) = 1. The wave functions of the supermaltiplets in H
are expressed by (Ψ+,Ψ−) ⊗ (qaL, qaR). In order to evade fermion doubling [12, 13], we impose that the
physical wave functions obey the following condition:
γ = γMγF = i. (2.12)
Then for the supermultiplet which is a set of a left-handed fermionic matter field and its superpartner
and auxiliary field, we have
ΨaL = q
q
L ⊗ Φ+
= qaL ⊗ (ϕ+, ψ+α, F+, 03)T , (2.13)
in the Minkowskian signature and the physical wave functions of the supermultiplet amount to
qaLα = q
a
L ⊗ ψ+α(x), (2.14)
q˜aL(x) = q
a
L ⊗ ϕ+(x), (2.15)
F aL(x) = q
a
L ⊗ F+(x). (2.16)
For the wave functions of the right-handed matter field, we have
ΨaR(x) = q
a
R ⊗ Φ− = qaR ⊗ (03, ϕ∗−, ψ¯α˙−, F ∗−)T (2.17)
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and
qaα˙R (x) = q
a
R ⊗ ψ¯α˙−(x), (2.18)
q˜aR(x) = q
a
R ⊗ ϕ−(x)∗, (2.19)
F aR(x) = q
a
R(x) ⊗ F−(x)∗. (2.20)
For the state Ψ ∈ HM , the charge conjugate state Ψc is given by
Ψc =
(
Ψc+
Ψc−
)
. (2.21)
The antilinear operator JM is defined by
Ψc = JMΨ = CΨ∗, (2.22)
so that it is given by
JM = C ⊗ ∗, (2.23)
where C is the following charge conjugation matrix:
C =


1
0 ǫαβ
1
1
ǫα˙β˙ 0
1


, (2.24)
and ∗ is the complex counjugation. The operator JM obeys the following relation:
JMγM = γMJM . (2.25)
The real structure JM is now expressed for the basis of the Hilbert space (Φ,Φ
c)T in the following form:
JM =
(
0 J−1M
JM 0
)
. (2.26)
The Z/2 grading ΓM on the basis is expressed by
ΓM =
(
γM 0
0 γM
)
(2.27)
In the finite space, the antilinear operator JF is defined by
JF =
(
0 1
1 0
)
⊗ ∗. (2.28)
Then the anti-matter particle supermultiplet Qca is related to Qa by
Qca = JFQa. (2.29)
On the basis (Qa, Q
c
a)
T , the real structure JF and the Z/2 grading is expressed as follows:
JF =
(
0 J −1F
JF 0
)
, ΓF =
(
γF 0
0 γF
)
. (2.30)
Corresponding to the construction of the functional space (2.1),(2.2), the algebra A represented by
them are expressed as
A = AM ⊗AF , (2.31)
AM = A+ ⊕A−. (2.32)
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Here an element of A+, ua, which acts on H+, and an element of A−,u¯a, which acts on H− are given by
(ua)ij =
1
m0

 ϕa 0 0ψaα ϕa 0
Fa −ψαa ϕa

 ∈ A+, (2.33)
(u¯a)¯ij¯ =
1
m0

ϕ∗a 0 0ψ¯α˙a ϕ∗a 0
F ∗a −ψ¯aα˙ ϕ∗a

 ∈ A−, , (2.34)
where {ϕa(ϕ∗a), ψaα(ψ¯α˙a ), Fa(F ∗a )} are chiral(antichiral) multiplet but are not necessarily elements in
(2.5)(2.6).
The total supersymmetric Dirac operator D is defined as follows:
D = DM ⊗ 1 + ΓM ⊗DF , (2.35)
On the basis (Φ,Φc)T , the operator DM is given by
DM =
(DM 0
0 JMDMJ−1M
)
, (2.36)
and
DM = −i
(
0 D¯ij¯
Di¯j 0
)
, (2.37)
where
Dij =

0 0 10 iσ¯µ∂µ 0
 0 0

 , D¯ij¯ =

0 0 10 iσµ∂µ 0
 0 0

 . (2.38)
The supersymmetric invariant product in HM is defined by
(Φ′,Φ) =
∫
M
d4xΦ′†Γ0Φ, (2.39)
where Γ0 is given by
Γ0 =
(
0 Γ0
Γ0 0
)
, (2.40)
and
Γ0 =

0 0 10 −1 0
1 0 0

 . (2.41)
On the basis (Qa, Qca), the Dirac operator on the finite space DF is defined as follows:
DF =
(DF 0
0 JFDFJ−1F ,
)
(2.42)
and
DF =
(
0 m†
m 0
)
, (2.43)
where m is the mass matrix with respect to the family index. The above formalism was given in the
framework of Minkowskian signature in order to incorporate supersymmetry. When we restrict the
functional spaceH to its fermionic partH0 and the algebra and Dirac operator to those onH0 transferring
to the Euclidean signature, we can go back to the original spectral triple which gives the framework of
NCG.
The Wick rotation transforms the space-time variables in Minkowskian coordinates to Euclidean ones
as follows:
x0 → −ix0. (2.44)
The algebra of SL(2, C) turns out to be the algebra of SU(2) ⊗ SU(2) under the rotation. The Weyl
spinors which transform as (12 , 0), (0,
1
2 ) of SL(2, C) are to be replaced by (
1
2 , 0) and (0,
1
2 ) represenations
of SU(2)⊗SU(2),respectively. The spinors which have appeared in HM , and AM are replaced as follows:
ψ(+)α → ρ(+)α, ψα(+) → ρα∗(+), (2.45)
ψ¯α˙(−) → ωα˙(−), ψ¯(−)α˙ → ω∗(−)α˙, (2.46)
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where spinors with indices α transform as (12 , 0) and those with indices α˙ transform as (0,
1
2 ) of SU(2)⊗
SU(2),respectively. The upper index is related to the complex conjugate of the lower index by ρ1 = ρ∗2,
ρ2 = −ρ∗1, ω1˙ = ω∗2˙ , ω2˙ = −ω∗1˙ . The metric and Pauli matrices which have appeared in the Dirac operator
are to be replaced by
gµν = (−1, 1, 1, 1)→ ηµν = (1, 1, 1, 1) (2.47)
σµ → σµE = (σ0, iσi), σ¯µ → σ¯µE = (σ0,−iσi). (2.48)
Embedding these expressions (2.45)∼ (2.48), the triple is rewritten in the Euclidean signature. The
basis of HM is denoted by the same form as (2.5),(2.6) but now Ψ+ and Ψ− are given by
(Ψ+)i = (ϕ+, ρα, F+), (2.49)
(Ψ−)¯i = (ϕ
∗
−, ω
α˙, F ∗−), (2.50)
The elements of AM which correspond to (2.33) and (2.34) is now given by
(ua)ij =
1
m0

ϕa 0 0ρaα ϕa 0
Fa −ραa ϕa

 ∈ A+, (2.51)
(u¯a)¯ij¯ =
1
m0

ϕ∗a 0 0ωα˙a ϕ∗a 0
F ∗a −ωaα˙ ϕ∗a

 ∈ A−. (2.52)
For the Dirac operator on the Minkowskian manifold in (2.37) and (2.38), we have
DM = −i
(
0 D¯E
DE 0
)
, (2.53)
where
DEi¯j =

 0 0 10 σ¯µE∂µ 0
E 0 0

 , D¯Eij¯ =

 0 0 10 σµE∂µ 0
E 0 0

 , (2.54)
with
E = η
µν∂µ∂ν = ∂
2
0 + ∂
2
i . (2.55)
The invariant product under Euclidean supersymmetry transformation is given by the same form as
(2.39), but Γ0 should be replaced by
Γ0 =
(
Γ0 0
0 Γ0
)
(2.56)
3 INTERNAL FLUCTUATION AND VECTOR SUPERMULTIPLET
In the supersymmetric counterpart of the NCG, the vector superfield is to be introduced as the internal
fluctuation to the Dirac operator D.
D → D˜ = D + V + JV J−1, V =
∑
a
U ′a[D,Ua], Ua ∈ A, (3.1)
where J = JM ⊗JF . We assume that AF is the algebra of N ×N complex matrix functions for the space
of Qa. As the algebra AM is a direct sum of A+ and A−, we need two sets of elements,Π+ and Π−:
Π+ = {ua : a = 1, 2, · · ·n} ⊂ A+ ⊗AF (3.2)
Π− = {u¯a : a = 1, 2, · · ·n} ⊂ A− ⊗AF , (3.3)
where ua and u¯a are given in the matrix form of (2.33) and (2.34). In the space of Q
a, they are also
N ×N complex matrix functions which act on internal degrees of freedom of HF
On the other hand, we assume that the algebra A for the space of antiparticles Qac is that of constant
complex number c, so that the elements are unit matrix in AM . Then the fluctuation induced by the term
c[DM , c] vanishes. But the term JV J−1 carries the same non-vanishing fluctuation induced by N × N
complex matrices in the space of Qa to the space of Qca.
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Since the product of chiral(antichiral) supermultiplets is again the chiral(antichiral) supermultiplet,
the elements of Π+(Π−) are chosen such that products of two or more u′as(u¯as) do not belong to Π+(Π−)
any more.
We shall define the following scalar,spinor and vector superfields as the bilinear form of the two
component functions in ua ∈ Π+ and u¯a ∈ Π−;
m20C =
∑
a
caϕ
∗
aϕa, (3.4)
m20χα = −i
√
2
∑
a
caϕ
∗
aψaα, (3.5)
m22(M + iN) = −2i
∑
a
caϕ
∗
aFa, (3.6)
m20Aµ = −i
∑
a
ca[(ϕ
∗
a∂µϕa − ∂µϕ∗aϕa)− iψ¯aα˙σ¯α˙αµ ψaα], (3.7)
m20λα =
√
2i
∑
a
ca(F
∗
aψaα − iσµαα˙ψ¯α˙a ∂µϕa), (3.8)
m20D =
∑
a
ca[2F
∗
aFa − 2(∂µϕ∗a∂µϕa)
+ i{∂µψ¯aα˙σ¯µα˙αψaα − ψ¯aα˙σ¯µα˙α∂µψaα}], (3.9)
where ca are the real coefficients. Using (2.7) and (2.8), we can show that these fields have the transfor-
mation property of the vector supermultiplet expressed by
δξC = iξ
αχα − iξ¯α˙χ¯α˙, (3.10)
δξχα = −iσµαα˙ξ¯α˙(−Aµ + i∂µC) + ξα(M + iN), (3.11)
1
2
δξ(M + iN) = ξ¯α˙(λ¯
α˙ + iσ¯µα˙α∂µχα), (3.12)
δξA
µ = iξασµαα˙λ¯
α˙ + iξ¯α˙σ¯
µα˙αλα + ξ
α∂µχα + ξ¯α˙∂µχ¯
α˙, (3.13)
δξλα = σ
µνβ
α ξβ(∂µAν − ∂νAµ) + iξαD, (3.14)
δξD = −ξασµαα˙∂µλ¯α˙ + ξ¯α˙σ¯µα˙α∂µλα. (3.15)
If we express these fields as the superfield, we have
V (x, θ, θ¯) = C + θα(iχα) + θ¯α˙(−iχα˙) + θασµαα˙θ¯α˙(−Aµ)
+ θθ
[
i
2
(M + iN)
]
+ θ¯θ¯
[
− i
2
(M − iN)
]
+ θθθ¯α˙
[
i(λ¯α˙ +
i
2
σ¯µα˙α∂µχα)
]
+ θ¯θ¯θα
[
−i(λα + i
2
σµαα˙∂µχ¯
α˙)
]
+ θθθ¯θ¯(
1
2
D +
1
4
C). (3.16)
When we define the vector superfield(3.4)∼ (3.9), there is an ambiguity due to the choice of the
algebraic elements. In order to see this, we consider two arbitrary elements of the algebra given by
u0 ∈ A+ and u¯0 ∈ A−. It turns out that the following functions obtained by these elements obey the
supersymmetry transformation of the vector supermultiplet.
m0C0 = ϕ0 + ϕ
∗
0, (3.17)
m0χ0α = −i
√
2ψ0α, (3.18)
m0(M0 + iN0) = −2iF0, (3.19)
m0A0µ = −i∂µ(ϕ0 − ϕ∗0), (3.20)
λ0α = 0, (3.21)
D0 = 0. (3.22)
Then we can redefine C, χα,M,N such that
C → C + C0 = 0, (3.23)
χα → χα + χ0α = 0, (3.24)
M + iN → (M +M0) + i(N +N0) = 0. (3.25)
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To choose C,χα, M and N in the vector supermultiplet to be zero is called the Wess-Zumino gauge. This
gauge is realized in (3.4)∼ (3.9) by the following condition:∑
a
caϕ
∗
aϕa = 0,
∑
a
caϕ
∗
aψ
α
a = 0, (3.26)
∑
a
caϕ
∗
aFa = 0.
Hereafter let us call (3.26) the Wezz-Zumino condition.
Since ua and u¯a are N × N complex matrix functions, Aµ,D, λα are also N × N complex matrix
functions and parametrized by
Aµ(x) =
N2−1∑
l=0
Alµ(x)
Tl
2
, (3.27)
D(x) =
N2−1∑
l=0
Dl(x)
Tl
2
, (3.28)
λα(x) =
N2−1∑
l=0
λlα(x)
Tl
2
. (3.29)
Here, T l are basis of generators which belong to fundamental representation of the Lie algebra associated
with Lie group U(N) and normalized as follows:
Tr(TaTb) = 2δab. (3.30)
Since Aµ(x) and D(x) are hermitian so that Alµ(x) and D
l(x) are real functions. On the other hand,
λlα(x) are complex functions.
The supersymmetric Dirac operator modified by the fluctuation is denoted by
D˜M = −i
(
0 ˜¯Dij¯
D˜i¯j 0
)
. (3.31)
We consider the fluctuation due to ua ∈ Π+ and u¯a ∈ Π−. The contribution to D˜i¯j is given by the
following form:
Vi¯j = −2
∑
a
ca(u¯a)¯ik¯[iDM , ua]k¯j
= −2
∑
a
ca(u¯a)¯ik¯Dk¯l(ua)lj (3.32)
and the contribution to ˜¯Dij¯ is given by
V¯ij¯ = 2
∑
a
ca(ua)ik[iDM , u¯a]kj¯
= 2
∑
a
ca(ua)ikD¯kl¯(u¯a)l¯j¯ . (3.33)
We shall calculate in the Wess-Zumino gauge. Using the definition of the vector supermultiplet given by
(3.4)∼ (3.9), we obtain the following result:
Vi¯j = −

 0 0 0i√2λ¯α˙ −σ¯µα˙αAµ 0
D + i∂µAµ + 2iAµ∂
µ i
√
2λα 0

 , (3.34)
and
V¯ij¯ =

 0 0 0−i√2λα σµαα˙Aµ 0
D − i∂µAµ − 2iAµ∂µ −i
√
2λ¯α˙ 0

 . (3.35)
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There are the additional fluctuation due to uab = uaub ∈ A+ and u¯ab = u¯au¯b ∈ A−, where a, b =
1, · · · , n. This fluctuation is not contained in the fluctuation due to ua ∈ Π+ and u¯a ∈ Π− since uab /∈ Π+
and u¯ab /∈ Π−. The component of fields of uab are expressed by the matrix form of (2.33) and (2.34) and
each field is given by
uab = {ϕab, ψabα, Fab}, (3.36)
where
ϕab =
1
m0
ϕaϕb, (3.37)
ψabα =
1
m0
(ψaαϕb + ϕaψbα), (3.38)
Fab =
1
m0
(ϕaFb + Faϕb − ψαaψbα). (3.39)
The component fields of u¯ab are the complex conjugate functions of (3.37)∼(3.39).
It turns out that the gauge-covariant form of D˜M is obtained by adding the following fluctuation due
to uab and u¯ab:
V ′¯ij = 2
∑
a,b
cacb(u¯ab)¯ik¯[iDM , uab]k¯j
= 2
∑
a,b
cacb(u¯ab)¯ik¯Dk¯l(uab)lj (3.40)
and
V¯ ′ij¯ = 2
∑
a,b
cacb(uab)ik[iDM , u¯ab]kj¯
= 2
∑
a,b
cacb(uab)ikD¯kl¯(u¯ab)l¯j¯ . (3.41)
Taking into account the Wess-Zumino gauge condition given by (3.26), we obtain
V ′¯31 = −V¯ ′31¯ = −AµAµ, (3.42)
and other matrix element turns out to be zero. The fluctuation due to higher order products of ua or
u¯a such as uabc = uaubuc or u¯abc = u¯au¯bu¯c vanishes due to the Wess-Zumino gauge condition. Thus the
total fluctuation in the Wess-Zumino gauge amounts to
VWZi¯j = Vi¯j + V
′¯
ij , (3.43)
V¯WZij¯ = V¯ij¯ + V¯
′
ij¯ , (3.44)
and the Dirac operator with fluctuation denoted by (3.31) is finally given by
D˜i¯j = Di¯j + VWZi¯j
=

 0 0 1−i√2λ¯α˙ iσ¯µDµ 0
DµDµ −D −i
√
2λα 0

 , (3.45)
and
˜¯Dij¯ = D¯ij¯ + V¯WZij¯
=

 0 0 1−i√2λα iσµDµ 0
DµDµ +D −i
√
2λ¯α˙ 0

 , (3.46)
where Dµ is the covariant derivative,
Dµ = ∂µ − iAµ. (3.47)
As for the Dirac operator on the finite space, we assume that DF in (2.43) has not the internal degrees
of freedom so that the fluctuation for it does not arise.
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The modified total Dirac operator on the basis Φ⊗Qa is given by
D˜tot = D˜M − iγM ⊗DF . (3.48)
Let us see that the counterpart of the first term in (1.2), which is in our supersymmetric case the part
of the spectral action for the matter particles and their superpartners, is given by the bilinear form of
supersymmetric invariant product defined in (2.39) with the total Dirac operator in (3.48).
Imatter = (ΨL +ΨR, iDtot(ΨL +ΨR))
= (ΨL +ΨR, iDM (ΨL +ΨR)) + (ΨL +ΨR, γM ⊗DF (ΨL +ΨR))
= (ΨL, D˜ΨL) + (ΨR, D˜ΨR) + (ΨL, im†ΨR)− (ΨR, imΨL), (3.49)
where ΨL,ΨR are left-handed and right-handed particle supermultiplets in (2.13)∼(2.20):
ΨaL = (q˜
a
L, q
a
Lα, F
a
L, 0
3), (3.50)
ΨaR = (0
3, q˜aR, q
aα˙
R , F
a
R). (3.51)
Using the definition of supersymmetric invariant product (2.39), (2.40), (2.41) and fluctuated Dirac
operator (3.31),(3.45),(3.46), the kinetic part of the matter particles are expressed by
IL = (ΨL, D˜ΨL)
=
∫
M
d4x
[−Dµq˜∗LDµq˜L − iq¯Lα˙σ¯µα˙αDµqLα
−
√
2ig(q˜∗Lλ
αqLα − q¯Lα˙λ¯α˙q˜L)− gq˜∗LDq˜L + F ∗LFL
]
, (3.52)
and
IR = (ΨR,
˜¯DΨR)
=
∫
M
d4x
[−Dµq˜∗RDµq˜R − iq¯Rασµαα˙Dµqα˙R
−
√
2ig(q˜∗Rλ¯α˙q
α˙
R − q¯αRλαq˜R)− gq˜∗RDq˜R + F ∗RFR
]
, (3.53)
where g is a rescale factor to the vector superfields that we will introduce later.
As for the mass terms,i.e,the last two terms in (3.49), we redefine the phase of ΨL as ΨL → iΨL, then
we have
Imass = (ΨR,mΨL) + h.c.
=
∫
M
d4x[q˜∗RmFL + F
∗
Rmq˜L − qαRmqLα + h.c.]. (3.54)
4 SPECTRAL ACTION PRINCIPLE AND SUPER YANG-MILLS ACTION
Let us start the final task to derive the super Yang-Mills theory following the supersymmetric version
of prescription for constructing NCG particle models. In our noncommutaitve geometric approach to
supersymmetry, we show that the action for vector supermultiplet will be obtained by the coefficients of
heat kernel expansion of elliptic operator P :
TrL2f(P ) ≃
∑
n≥0
cnan(P ), (4.1)
where f(x) is an auxiliary smooth function on a smooth compact Riemannian manifold without boundary
of dimension 4 similar to the non-supersymmetric case. Since the contribution to P from the antiparticles
is the same as that of the particles, we consider only the contribution from the particles. Then the elliptic
operator P in our case is given by the square of the Wick rotated Euclidean Dirac operator D˜tot expressed
by the same form as (3.48):
D˜tot = D˜M − iγM ⊗DF , (4.2)
where D˜M is obtained from (3.31),(3.45) and (3.46) but with the replacement of (2.47),(2.48). Note that
as for the case in which internal fluctuation to DF exists, we will discuss in our next paper[14].
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The elliptic operator P is expanded into the following form:
P = −(ηµν∂µ∂ν + Aµ∂µ + B). (4.3)
The heat kernel coefficients an in (4.1) are found in [?]. They vanish for n odd, and the first three an’s
for n even in the flat space are given by
a0(P ) =
1
16π2
∫
M
d4xtrV (I), (4.4)
a2(P ) =
1
16π2
∫
M
d4xtrV (E), (4.5)
a4(P ) =
1
32π2
∫
M
d4xtrV (E
2 +
1
3
E
µ
;µ +
1
6
ΩµνΩ
µν), (4.6)
where E and the bundle curvature Ωµν in the flat space are defined as follows:
E = B− (∂µωµ + ωµωµ), (4.7)
Ωµν = ∂µων − ∂νωµ + [ωµ, ων ], (4.8)
ωµ =
1
2
A
µ. (4.9)
The coefficients cn in (4.1) depend on the functional form of f(x). If f(x) is flat near 0, it turns out
that c2k = 0 for k ≥ 3 and the heat kernel expansion terminates at n = 4[8].
In (4.4)∼(4.6), trV denotes the trace over the vector bundle V . As for the supersymmetric theory we
consider here, sections of the vector bundle V are smooth functions bearing indices which correspond to
internal and spin degrees of freedom of the chiral and antichiral supermultiplets. For the spin degrees of
freedom, trV is the supertrace defined by
StrO =
∑
i
〈i|(−1)2sO|i〉
=
∑
b
〈b|O|b〉 −
∑
f
〈f |O|f〉, (4.10)
where s is the spin angular momentum and the states |b〉 and|f〉 stand for bosonic and fermionic state,
respectively. Being attached with spinor indices, a matrix M represented on the space of supermultiplets
span by the basis (ϕ(x), ψα(x), F (x)) is expressed by
M =

M11 M
β
12 M13
M21α M
β
22α M23α
M31 M
β
32 M33

 (4.11)
The supertrace of M is given by
StrM = trVM11 − trVM α22α + trVM33. (4.12)
The minus sign of trM22 is due to the supersymmetry. In order to consider the meaning of the sign, we
rewrite the diagonal elements of M on the superspace span by the basis (ϕ, θβψβ , θθF ) as follows:
diag M = (M11, θ
αM β22α
∂
∂θβ
,M33). (4.13)
It is reasonable to assume that
trV (θ
αM β22α
∂
∂θβ
) = −trV (M β22α
∂
∂θβ
θα) = −trVM α22α , (4.14)
so that (4.12) is established. In the same way, the supertrace of a matrix M¯ represented on the space of
antisupermultiplet (ϕ∗, ψ¯α˙, F ∗) is given by
StrM¯ = M¯11 − M¯ α˙22α˙ + M¯33. (4.15)
Now let us calculate the spectral action for D˜2tot where D˜tot is given by (4.2). In the contribution to
the spectral action from D˜20 , the terms including DF vanish since DM anticommutes with γM and
Strγ2M = Str1 = 0. (4.16)
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Thus, we consider the following elliptic operator P in the Euclidean signature,
P = D˜2M =
(
P+ 0
0 P−
)
. (4.17)
By making use of the Wick-rotated expression of (3.45) and (3.46), P± amounts to
P+ = − ˜¯DED˜E
= −

 DµDµ −D −i
√
2λβ 0
−i√2σµEαα˙
(
(Dµλ¯α˙) + λ¯α˙Dµ
) DµDµδβα + iσµνβEα Fµν −i√2λα
−2λ¯α˙λ¯α˙ −i
√
2λ¯α˙σ¯
µα˙β
E Dµ DµDµ +D

 , (4.18)
P− = −D˜E ˜¯DE
= −


DµDµ +D −i
√
2λ¯β˙ 0
−i√2σ¯µα˙αE ((Dµλα) + λαDµ) DµDµδβ˙α˙ + iσ¯µνα˙E β˙Fµν −i
√
2λ¯α˙
−2λαλα −i
√
2λασµ
Eαβ˙
Dµ DµDµ −D

 , (4.19)
In (4.18) and (4.19), σµνE and σ¯
µν
E are defined by
σµνE = (iσ
0j ,−σij), (4.20)
σ¯µνE = (iσ¯
0j ,−σ¯ij), (4.21)
and
σµνβα =
1
4
(σµαα˙σ¯
να˙β − σναα˙σ¯µα˙β), (4.22)
σ¯µνα˙
β˙
=
1
4
(σ¯µα˙βσν
ββ˙
− σ¯να˙βσµ
ββ˙
). (4.23)
The field Aµ, λα, D are the N ×N matrices as shown in (3.27),(3.28), (3.29). They turn out to be
the gauge, gaugino and auxiliary fields. The covariant derivative on spinors, say, λα is given by
Dµ = ∂µλα − i[Aµ, λα], (4.24)
and Fµν is the field strength defined by
Fµν = i[Dµ,Dν ]
= ∂µAν − ∂νAµ − i[Aµ, Aν ]. (4.25)
We expand P± in the form given by (4.3). Using the formulae given by (4.7) and (4.9), we obtain the
following expressions:
E+ = B+ − (∂µωµ+ + ω+µωµ+) =


−D −i√2λβ 0
−i√
2
σµEαα˙(Dµλ¯α˙) iσµνβEα Fµν −i
√
2λα
−2λ¯α˙λ¯α˙ i√2 (Dµλ¯α˙)σ¯
µα˙β
E D

 (4.26)
E− = B− − (∂µωµ− + ω−µωµ−) =


D −i√2λ¯β˙ 0
−i√
2
σ¯µα˙αE (Dµλα) iσ¯µνα˙E β˙Fµν −i
√
2λ¯α˙
−2λαλα i√2 (Dµλα)σ
µ
Eαβ˙
−D

 . (4.27)
The bundle curvature Ωµν± given by (4.8) amounts to
Ωµν+ =


−iFµν 0 0
− i√
2
[σνEαα˙(Dµλ¯α˙)− σµEαα˙(Dν λ¯α˙)] −iFµνδβα 0
0 − i√
2
[(Dµλ¯α˙)σ¯να˙βE − (Dν λ¯α˙)σ¯µα˙βE ] −iFµν

 (4.28)
Ωµν− =


−iFµν 0 0
− i√
2
[σ¯να˙αE (Dµλα)− σ¯µα˙αE (Dνλα)] −iFµνδβ˙α˙ 0
0 − i√
2
[(Dµλα)σν
Eαβ˙
− (Dνλα)σµ
Eαβ˙
] −iFµν

 . (4.29)
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From (4.26) and (4.27) we have
StrE+ = Tr[−D]− [−σµναEα ]iTrFµν +TrD = 0, (4.30)
StrE− = 0, (4.31)
since
σµναα =
1
4
(σµαα˙σ¯
να˙α − σναα˙σ¯να˙α) = −
1
2
(gµν − gµν) = 0, (4.32)
σ¯µνα˙α˙ = 0. (4.33)
As for the square of E2, we have
StrE2+ = Tr[D
2 − λβσµ
Eββ˙
(Dµλ¯β˙)]
− Tr[σµEαα˙(Dµλ¯α˙)λα − σµνβEα σλκαEβ FµνFλκ + λα(Dµλ¯β˙)σ¯µβ˙αE ]
+ Tr[−(Dµλ¯α˙)σ¯α˙βE λβ +D2]
= Tr[2D2 − 4λ¯β˙ σ¯µβ˙βE (Dµλβ)− FµνFµν −
1
2
εµνλκFµνFλκ], (4.34)
and
StrE2− = Tr[2D
2 − 4λ¯β˙σ¯µβ˙βE (Dµλβ)− FµνFµν +
1
2
εµνλκFµνFλκ], (4.35)
where Tr denotes the trace over N × N matrices of the internal degrees of freedom. (4.34) and (4.35)
give the following expression:
trV (E
2) = StrE2+ + StrE
2
− (4.36)
= 2Tr[2D2 − 4λ¯β˙ σ¯µβ˙βE (Dµλβ)− FµνFµν ]. (4.37)
The supertrace of Ω±µνΩ
µν
± amounts to
StrΩ±µνΩ
µν
± = Tr[−FµνFµν ]− Tr[−FµνFµν12] + Tr[−FµνFµν ] = 0. (4.38)
Let us calculate the heat kernel coefficients. From (4.4), we obtain
a0 = 0, (4.39)
since the number of freedom of the bosonic sector is equal to the number of freedom of the fermionic
sector due to the supersymmetry, so that StrI = 0. (4.39) indicates that the cosmological constant in the
supersymmetric theory vanishes. From (4.30) and (4.31), the coefficients a2 also vanishes,
a2 = 0. (4.40)
Finally, (4.37) and (4.38) give
a4 =
1
16π2
∫
M
dx2Tr
[
2D2 − 4λ¯β˙ σ¯µβ˙βE (Dµλβ)− FµνFµν
]
, (4.41)
since trV (E
µ
;µ) = 0.
The Euclidean super Yang-Mills action IE is now given by
IE = TrL2f(D˜2M ) = f4a4. (4.42)
In order to obtain the physical action we change the signature back to the Minkowskian ηµν → gµν with
σE → iσµ and rescale the vector supermultiplet as {Aµ, λα, D} → {gAµ, gλα, gD}, where g turns out to
be the gauge coupling constant. After this procedure we have the following super Yang-Mills action:
ISYM =
∫
M
dx2Tr
[
−1
2
FµνF
µν − 2iλ¯β˙ σ¯µβ˙β(Dµλβ) +D2
]
, (4.43)
where we fixed the constant f4 such that
f4
8π2
=
1
g2
. (4.44)
At last, we have arrived at the goal.
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5 CONCLUSIONS
In this paper, we introduced the supersymmetric counterpart of the spectral triple which defines
NCG on the finite space as well as on the manifold. Then the total Dirac operator was given in (2.35).
A vector supermultiplet was introduced as the internal fluctuation to the supersymmetrically extended
Dirac operator DM defined on the manifold. The modified Dirac operator D˜M due to the fluctuation
turns out to be supersymmetric and gauge-covariant if we introduce the internal degrees of freedom as
the finite geometry. We considered the algebra of N ×N complex matrices in the finite space so that the
internal fluctuation induce the vector supermultiplet with U(N) gauge degrees of freedom.
Following the prescription of NCG, we calculated the spectral action using our generalized supersym-
metric Dirac operator D˜tot given in (4.2). The parts of the action which include kinetic terms and mass
terms of matter fields and their superpartners are obtained from the supersymmetric invariant bilinear
form. We calculated the coefficients of heat kernel expansion of the squared Dirac operator P = D˜2tot.
The terms including DF did not contribute to them. We have found that the expansion coefficients for
D2M successfully derived the super-Yang Mills action. As a result, we expressed the whole supersymmetric
action for the matter supermultiplets and vector supermultiplets by the simple formula of the spectral
action principle.
The method proposed in this paper to calculate the spectral action is applicable to the supersymmetric
standard model. In this model, the Higgs bosons and their superpartners are introduced as the fluctuation
to the supersymmetric Dirac operator on the finite space. The detailed discussions and calculations on
this subject will be given in a separate paper[14].
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